Ken and the Bohr topology  by Dikranjan, D.
Topology and its Applications 158 (2011) 2465–2467Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Ken and the Bohr topology
D. Dikranjan
Department of Mathematics and Computer Science, University of Udine, 33 100 Udine, Italy
a r t i c l e i n f o
Keywords:
Bohr topology
Bohr compactiﬁcation
Lacunary set
Characterizable subgroup
Hypergraph
Chromatic number
Ken Kunen was one of the main speakers of the August 1978 Topology Colloquium in Budapest. This was the ﬁrst time
I saw him in person, although I did not have the chance to talk to him.
Our ﬁrst “indirect” encounter in the ﬁeld of topological groups occurred roughly 20 years later. The occasion was his ﬁrst
paper [22] in this ﬁeld. He has published ten papers in this ﬁeld, over about a decade, giving a signiﬁcant contribution to
the ﬁeld of topological groups, especially on the Bohr topology.
1. On van Douwen’s problem on homeomorphisms in the Bohr topology
The Bohr topology on an abelian group G is the weakest group topology making every homomorphism G → T continu-
ous, where the circle group T carries the usual compact topology. If G is a discrete abelian group, G# denotes G equipped
with the Bohr topology. Most of the topological properties of the underlying space of G# depend only on the size of G; this
motivated the following natural problem set by van Douwen:
Question 1.1. If G and H are inﬁnite abelian groups of the same size, are G# and H# homeomorphic as topological spaces?
The problem was “in the air” at the time of the 1996 Prague Symposium, where several colleagues asked me explicitly
about it (among them Salvador Hernández, Vladimir Uspenskij and Jan Pelant). Jan [25] even had a draft of a tentative proof
of V#2 ≈ V#3 , where Vκm denotes the direct sum of κ many copies of the group Zm = Z/mZ and Vωm is abbreviated to Vm .
The idea to use these groups apparently goes back to K.P. Hart and van Mill (in [18]) and turned out to be the clue to the
problem.
Steve Watson was visiting me in October 1996, and we succeeded in proving that (Vκ2 )
# ≈ (Vκ3 )# for κ > 3(ω). A month
later, I got a message from Steve (who was visiting Spain by that time) saying that Ken had proved that V#p ≈ V#q for any
pair of distinct primes p and q, and his manuscript was already circulating among colleagues. Ken’s proof, making elegant
use of Ramsey ultraﬁlters to establish a partition theorem for sequences in Vp , was a nice illustration of his mastery of
ultraﬁlters (our proof uses an Erdös–Rado argument, which explains the restraint on κ we needed). Ken’s result appeared
in [22], much earlier than ours [8].
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number of hypergraphs. They proved that if K is an inﬁnite abelian group of a given prime exponent, then G# and K# are
homeomorphic if and only if G is isomorphic to K × F for some ﬁnite abelian group F . Also, if K is of ﬁnite exponent, then
G# is never topologically embeddable in K# if G is not of ﬁnite exponent. These results, however, left open the problem
already raised in [22] of whether V#4 ≈ (V2 × V4)#.
2. Further properties of the Bohr topology
In the joint paper [23] with Walter Rudin, Ken studied the Bohr topology on an abelian group. They showed that every
inﬁnite abelian group G contains an I0-set or interpolation set A (i.e., a set A such that for all E ⊆ A, the sets E and A \ E
have disjoint closures in bG) with |A| = |G| and having 0 the unique limit point of A − A in G#. Furthermore, if a subset
A = {a0,a1,a2, . . .} of the integers Z is a Hadamard set (i.e., an+1/an  M > 1 for some ﬁxed M and all n), then 0 is the
unique limit point of A − A in Z#, and A + A has no limit points in Z#. This highly interesting paper contains many other
properties of the Bohr topology in connection to polynomial functions f : Z → Z and to subsets of Z such as Λ(p) and
Sidon sets.
The joint paper [13] with Joan Hart on the Bohr topology and Bohr compactiﬁcation of arbitrary structures is to some
extent expository, but includes results some of which were new even for groups. That these notions generalize to arbitrary
algebraic structures goes back to Holm in 1964. For example, if A is a ring (with no topology on it yet), then its Bohr–Holm
compactiﬁcation is a compact ring bA, together with a ring homomorphism Φ from A into a dense subring of bA. The pair
(bA,Φ) is characterized as the maximal compactiﬁcation of A. Then A# denotes the ring A together with its Bohr topology,
namely the topology induced by Φ : A → bA. So, A# is a topological ring. Paper [13] deﬁnes the Bohr topology and Bohr–
Holm compactiﬁcation of a structure A without referring, as Holm did, to any algebraic axioms A satisﬁes; nevertheless,
it follows from these deﬁnitions that bA satisﬁes all positive logical sentences satisﬁed by A. So, for example, if A is a
ring, then bA will be too. Some general theorems about bA and A# are developed, and then applied to speciﬁc classes of
structures, primarily groups, quasigroups, semilattices, and lattices. One result new even for groups is that the weight of the
Bohr compactiﬁcation of a countable structure is either countable or continuum. Moreover, we see that diverse structures
may be treated uniformly and simultaneously, since many theorems about Bohr structures emerge as special cases of quite
general results in the theory of Cp spaces.
Paper [15] characterizes the possible compact subspaces of topological structures endowed with the Bohr topology as
the Talagrand compact spaces. Analogues of this result are obtained for Eberlein compact spaces.
Paper [14] concerns properties of the Bohr compactiﬁcation bG and the Bohr topology G# for discrete non-abelian
groups G . The algebraic structure of G determines these properties, and most of the results in the paper employ the
standard theory of representations of compact groups. A representation of G is a continuous homomorphism from G into a
compact unitary group U(n), for some ﬁnite n (recall that for non-abelian groups the homomorphisms deﬁning the Bohr
topology are not into the circle group T, as in the abelian case, but are into the compact unitary groups U(n)). Results of
[14,15] prove that a compact Hausdorff space Z can be embedded in some G# if and only if Z is Eberlein compact. Although
for abelian G , every compact subset of G# is ﬁnite [12], many non-abelian groups are self-bohrifying; for example, van der
Waerden showed that all compact connected semisimple Lie groups are. A compact group G is self-bohrifying or van der
Waerden iff G is b(Gd), the Bohr compactiﬁcation of the group G equipped with the discrete topology. In the 2007 volume
of Open problems in topology, Galindo, Hernández and Wu [10] direct readers to [14] for background and partial results on
the question: which direct products of ﬁnite groups are self-bohrifying?
3. Limits in compact abelian groups
My personal contacts with Ken started in 2001 during the Summer Topology Conference in New York. His talk “Recent
Results on Bohr Topologies” contained many new facts on the Bohr topology of non-abelian groups. These were joint results
with Joan Hart that appeared in the aforementioned [14], published in the proceedings of that conference.
The next year Ken visited Italy as a keynote speaker of the huge Venice Algebra Conference on Rings, Modules, Algebras
and Abelian Groups. It is fair to say that our collaboration with Ken started at this conference, where C. Milan and I exposed
our results in a ﬁeld closely related to the Bohr topology.
For a compact abelian group G and a countably inﬁnite subset B of the dual Ĝ , let CB denote the subset of all elements
x ∈ G such that 〈χ(x): χ ∈ B〉 converges to 0 in T. Then CB is a subgroup and also an Fσδ-set of T, hence Haar measurable.
Actually, CB has Haar measure zero. Call a subgroup H of G characterizable if it has the form H = CB for some B and g-dense
if it is not contained in any characterizable subgroup [7]. It was proved by Borel [5] (and later also by Bíró, Deshouillers and
Sós [4]) that every countable subgroup H of T is characterizable.
Obviously, any non-g-dense subgroup of T has Haar measure zero. At the Venice Conference we reported the following
theorem from [1]: under the assumption of MA, there exists a Haar measure zero g-dense subgroup H of T (answering a question
of Raczkowski). We asked whether MA can be eliminated and Ken immediately took the challenge. In his joint paper with
Hart [16] they provided the following nice ZFC construction of a Haar measure zero g-dense subgroup H of T. Taking into
account that now T̂ = Z, they obtain the desired subgroup as a union H =⋃B CB , where B runs over the ﬁlter generated
by the sets of the form {n! + 1: n ∈ E} with E ⊂ ω of asymptotic density 1. Following this line, in his next joint paper [17]
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every inﬁnite compact abelian group.
In the fall of 2004 I spent a month in Madison, enjoying the excellent hospitality of Ken, who arranged all details of my
visit. We worked on characterizable subgroups of compact metrizable abelian groups, trying to maximally extend Borel’s
result about the circle group (note that if all countable subgroups of a compact abelian group G are characterizable, then G
is necessarily metrizable). First we found a gap in the proof of [4] (the torsion subgroups of T were not characterized); then
we succeeded in proving that every countable subgroup of a compact metrizable abelian group G is characterizable [6].
It was done in time, since the same result was obtained independently and at the same time also by Beiglböck, Steineder
and Winkler [3]. This came to witness once more the signiﬁcant activity in this area (see also [2,9,19,24] for related results).
4. A compact right topological group that is an L-space
Since Ken is widely known for his work on the problem of S and L-spaces, I would like to conclude this note with his
example related to that topic. It is known that no compact topological group can be an L-space, yet there exist compact
L-spaces under the assumption of CH. In [21] Ken shows how his CH-construction of a compact L-space from [20] may
be adapted to produce a compact L-space that is a right topological group, i.e., all translations x 
→ xa are continuous (so
that the space is homogeneous). A similar construction, but using the diamond principle, gives a space whose regular open
algebra contains a Souslin tree.
I hope Ken will start a new fruitful decade, continuing to offer us further beautiful contributions in the ﬁeld of topological
groups and the Bohr topology.
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